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In the older theory, a distinction is made according to the way in which p and q enter into the equation. Thus, when p and q enter only in the first degree, the equation is called linear. If/and q should happen to be both absent, the equation would not be regarded as a differential equation at all. From the higher point of view of Lie's new geometry, this distinction disappears entirely, as will be seen in what follows.
The number of all surface elements in the whole of space is of course oo6. By writing down our equation we single out from these a manifoldness of four dimensions, M^ of oo4 elements. Now, to find a "solution" of the equation in Lie's sense means to single out from this M± a twofold manifoldness, My of the characteristic property; whether this M2 be a point, a curve, or a surface, is here regarded as indifferent. What Lagrange calls finding a "complete solution" consists in dividing the M± into oo2 J/2's. This can of course be done in an infinite number of ways. Finally, if any singly infinite set be taken out of the oo2 M^'s, we have in the envelope of this set what Lagrange calls a "general solution." These formulations hold quite generally for all partial differential equations of the first order, even for the most specialized forms.
To illustrate, by an example, in what sense an equation of the form f(x, y, #)=o may be regarded as a partial differential equation and what is the meaning of its solutions, let us consider the very special case #=0. While in ordinary co-ordinates this equation represents all the points of the xy-plane, in Lie's system it represents of course all the surface-elements whose points lie in the plane. Nothing is so simple as to assign a "complete solution" in this case; we have only to take the oo2 points of the plane themselves, each point being an MI of the equation. To derive from this the " general solution," we must take all possible singly infinite sets of points in the plane, i.e. any curve whatever, and form the envelopethe first order. From our new point of view, this the assumes a much higher degree of perspicuity, and the "fc meaning of the terms "solution," "general solution," "c< plete solution," "singular solution," introduced by Lagraj and Monge, is brought out with much greater clearness.
